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Abstract—A widely-used approach for extended object track-
ing is based on random matrices, where the scattering matrix,
i.e., measurement spread, is used to update a symmetric positive
definite random matrix representing an elliptic extent. However,
for lidar data, a mismatch between the assumed measurement
model and observed data hinders the estimation quality of the
method. We propose adaptions to the random matrix approach
in order to facilitate the application for tracking a rectangular
extended object based on contour measurements. Specifically,
we derive a suitable scaling factor for the scattering matrix
of measurements in this setting. Furthermore, we propose a
simple yet effective estimation scheme for the target center,
adapting the shape estimate accordingly. The resulting algorithm
closely follows the framework of the random matrix approach. A
detailed comparison with a variety of state-of-the-art trackers is
carried out in a simulation based on real-world lidar parameters,
confirming the effectiveness of the approach.

Index Terms—Extended object tracking, random matrix,
Bayesian filtering, target tracking

I. INTRODUCTION

Tracking of objects over time is a ubiquitous task in
environment perception required in a variety of fields. De-
pending on the application and sensor used, the challenges
faced by the tracking system are manifold. In particular, for
high resolution sensors, it is necessary to track not only the
kinematic properties, such as position and velocity, of the
target, but to furthermore estimate its physical extent, i.e.,
its shape. This results in the problem of Extended Object
Tracking (EOT), an overview of which can be found in [1].
In an automotive setting such sensors lending themselves to
EOT are, e.g, lidar [2]-[4] or automotive radar [S]-[7]. In
the context of EOT, typically restrictions regarding the target
shape model are assumed. These can allow for a rather wide
range of potential shapes, such as general star-convex models
as adopted by, e.g., [8]-[10]. However, it can be beneficial to
narrow down the target shape to a particular geometry. One
common choice are ellipses, due to their flexibility in modeling
a variety of objects ranging from pedestrians and cars to
ships. For ellipses, two types of representation are common:
Some works, such as [11]-[13], model the ellipse explicitly by
means of an orientation and semi-axis lengths. Alternatively,
a Semi Positive Definite (SPD) matrix can be used, which
can be directly embedded into a Bayesian filtering framework
based on the Wishart distribution. This approach is taken in
the Random Matrix (RM) model, introduced in [14], [15].
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Fig. 1: Exemplary tracking results achieved by the standard RM
algorithm by Feldmann et al. [15] (blue) and our proposed adaptions
(orange). The contour measurements of a rectangle can not be
accurately tracked by the standard reference method. Shown is a
subset of time steps of the entire trajectory, and the vehicle is moving
from the right to the left. The sensor is located at the origin.

Naturally, these representations can be converted into each
other, even though the corresponding uncertainties can not.
Furthermore, a rectangle can also be parameterized in the same
fashion as an ellipse, i.e., models derived for ellipses can often
be transferred into the context of tracking a rectangular target.
This case arises in the automotive context of tracking, e.g.,
cars with high resolution lidar data. The contour of a vehicle
is much closer to a rectangular shape than to an elliptic one.
The measurements in this EOT setting will closely resemble
contour measurements of a rectangle, which is the setting
this work is concerned with. Most of the aforementioned
methods are designed under the assumption that measurements
can originate from the entire surface of the object. For lidar
data, this usually does not hold. Reflection points are mainly
distributed along the contour of the object, and are highly
dependent on the sensor-to-target geometry, due to the self-
occlusion effect. Therefore, many existing EOT approaches
do not directly generalize well to the problem of tracking a
rectangular extended object based on lidar measurements, as
illustrated in Fig. 1.

A. Contribution

The contribution of this work is two-fold: Firstly, we
propose modifications necessary to employ the RM filter for
rectangular objects with a contour measurement model. The
necessary alterations keep the main filtering framework intact,
meaning that the adapted version can be directly inserted into



existing architectures building on the RM tracker. Further-
more, other extensions and improvements to the algorithm
such as [16]-[18] can immediately incorporate the proposed
adjustments. We derive the necessary scaling factor for the
scattering matrix of measurements, and confirm its effective-
ness in experiments. Moreover, we incorporate the nature of
the contour measurements with target self-occlusion into the
estimation process of the object center and shape by correcting
the respective pseudo-measurements.

Secondly, an extensive comparison of several existing state-
of-the-art trackers as well as the newly proposed adaption of
the RM algorithm is carried out. To this end, realistic lidar data
is simulated using a ray casting model with model statistics
following a commercially available sensor, namely the Ouster
OS1 [19].

B. Structure

The remainder of this paper is structured as follows: Next,
in Section II, related works will be discussed. Following that,
Section III will define the problem setting. In particular, the
details of the simulated lidar measurement model will be
given. Afterwards, the tracker will be proposed in Section IV.
Section V contains the experimental results, comparing the
proposed method with a variety of state-of-the-art reference
algorithms. These results will then be discussed in Section VI,
and the paper is concluded in Section VII.

II. RELATED WORKS

The RM approach [14], [15] makes use of the mean
and scattering matrix of the measurements for estimating
an SPD shape matrix, which is modeled with an inverse
Wishart distribution. Thereby, the basic assumption is that the
measurements stem from a Gaussian distribution modeled by
the shape matrix. Measurements uniformly distributed over an
elliptic surface can be modeled by means of a fixed scaling
factor. An adaption of the RM algorithm to lidar data has
been proposed in [4]. Combining geometric assumptions with
an explicit integration of the beam-based lidar measurement
model, a corrected estimate for the center of the target can be
found. This is in turn used to compute a corrected scattering
matrix, therefore allowing the RM approach to be employed
for lidar data. The method was derived for elliptical shapes,
however, it was successfully evaluated for rectangular targets
as well. For automotive radar, a truncation model has been
introduced to deal with parts of the object shape that are
not observed [5], [6]. By making use of assumptions about
the visible object parts based on the sensor-to-target geom-
etry, pseudo-measurements can be sampled which are used
to correct the output of the RM algorithm with regards to
the mismatch between object shape and measurement model
assumptions. A learning-based variant of this was introduced
in [7]. Another possible approach to tackling the model
mismatch between the RM approach and lidar data is to use a
Virtual Measurement Model (VMM) [3]. Here, in parallel to
the standard tracking filter, a second branch of the algorithm,
the VMM, estimates a set of object parameters which, when

input into the filter, would produce the observed results. This
set of object parameters then forms the final output of the
overall tracker. It is estimated in an iterative, optimization-
based fashion. To avoid this, [20] proposed an alternative
approach, based on a Gaussian Process (GP) model learned
prior to the tracking process. Here, the GP parameters are
trained using the VMM data, avoiding the costly online VMM
computations. Whilst the authors observed slightly diminished
tracking accuracy, initialization and computation time were
found to improve. The VMM-based approach has also been
employed for dealing with partially observed objects [21],
where the case of objects shadowing each other w.r.t. the
lidar is analyzed. For elliptical targets with a surface mea-
surement model, in [11], an Extended Kalman Filter (EKF)-
based tracker was derived. The distribution of the measure-
ment sources was modeled using a multiplicative noise term.
Introducing a Gaussian mixture for this noise term, in [12],
a variant tailored to automotive radar was introduced, which
manually models possible scattering centers across the surface
and applies the update rules previously introduced in [11].
Another approach based on an EKF was proposed in [2],
which focused on contour measurements as observed in lidar
data. The core idea is to evaluate the measurement-to-target
associations for a set of contour points with equidistant angles.
Each possible association is represented by one component of
a Gaussian mixture, and for each of these an EKF update
is computed. Moment-matching is used to obtain a (single)
Gaussian representation. Here, the orientation of the tracked
object is assumed to align with its heading. Measurements are
processed sequentially in an iterative fashion, as opposed to
approaches such as RM, where measurements are processed
in a single batch. Focusing on the challenges associated with
tracking multiple extended objects rather than on the filtering
accuracy for a single extended target, [22] propose a method
for computing predicted measurements of both elliptical and
rectangular objects.

The preceding works have focused on the (typically
Bayesian) filtering task of EOT, where the properties of a tar-
get are to be estimated based on integration of measurements
observed across a series of time steps. However, other works
approach the problem from a single-frame perspective. Ob-
serving two sides of an object leads to a characteristic L-shape
of measurements. Fitting such L-shapes, as done in, e.g., [23],
[24], is one way to tackle the problem of determining a suitable
rectangular shape given a set of single-target measurements. A
search-based algorithm is used in [24] to minimize a suitable
error criterion, such as the squared distance of measurement
points to estimated box edges. In [23], the convex hull of
the measurement is used as input to an algorithm based on
rotating calipers. Afterwards, an EKF can be used to track
the resulting target state across frames. The convex hull is
also used as a starting point for a box fit in [25]. Using a
heuristic approach based on the two-dimensional median of the
measurements, the orientation of the resulting box is corrected.
Order statistics are employed in [26] to estimate the centroid
of a bounding box from lidar data. Motivated by the fact that



measurements concentrate around the target corner closest to
the sensor, triangular likelihoods are used in the derivation of
the method.

III. PROBLEM SETTING

We consider the tracking of a rectangular extended object
using (simulated) lidar measurements in 2D space. In partic-
ular, tracking is to be carried out as a filtering task, i.e., at
every time step measurements observed up to and including
that time step are to be used in determining an estimate for
the target state. The state at time k is defined as
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where mq and moy represent the position of the target
along the x- and y-axis, respectively, i and 1oy the
velocity, 0 the orientation, and [y, and [y the semi-axis
lengths of the rectangle. We assume the target is moving with
constant velocity, corrupted by zero-mean white noise. For the
discrete time steps, we model this noise as a Gaussian with
covariance Q.

Measurements are assumed to be generated using a ray
casting-based lidar model. In order for the simulation to be
close to real-world conditions, we use statistics chosen accord-
ing to the specification of an Ouster OS1 lidar scanner [19].
Throughout the work, we assume a sensor-centered coordinate
system, with the sensor beginning it’s revolution at the x-axis
and returning measurements ordered by rotation. Every time
step represents a single revolution of the sensor, and all values
are chosen accordingly to match the scanning rate of 10 Hz of
the OS1. The maximum range of the sensor is set to 100 m,
i.e., measurements beyond this threshold are dropped. In every
time step, the sensor performs one full rotation, scanning a fix
number of evenly spaced beams. If a beam intersects with
the object, a measurement source y: in polar coordinates is
reported at the closest intersection point to the sensor. The
number of beams per scan is fixed as npeams. In the experiments
described in Section V, different values for npeums Will be
evaluated, following the specification of the OS1. The resulting
set of measurement sources on the target contour generated at
time k is denoted as Yy, with |Yx| = N. Based on these,
the noise-corrupted reported measurements Zj;, are computed
following

z, =y, +Vy, 1€{l,...,Np}, 2)
with vi ~ A(0,R). The measurement noise covariance ma-
trix R is a diagonal matrix containing the variance of the
range error and of the angular error. For the former, a standard
deviation of 0.1m was chosen. The standard deviation of
the angular error was set to 0.01°. Note that the fact that
we model the sensor to be rotating means that generated
measurements will follow a pattern of strictly monotonically
increasing angles.

No prior information about the true target state xg is known
to the object tracker, i.e., the first set of measurements needs
to be used for initialization of the tracker state.

IV. PROPOSED METHOD

In the following, the proposed algorithmic adjustments for
the RM method will be presented. To this end, the necessary
parts of the RM approach will be reviewed first. Afterwards,
the required scaling factor for rectangle contour measurements
will be derived, and the adapted pseudo-measurement compu-
tation will be proposed.

A. Random Matrix Method Review

For detailed explanation of the random matrix approach
we refer to [1], [15]. In the filter, the kinematic and shape
components of the state are treated separately. The former is
modeled as a Gaussian random variable, and the latter based
on an inverse Wishart distribution. To acquire an estimate
of the shape state components [Gk Lk lLk]T from the
matrix-valued estimate and degrees of freedom, e.g., Eigen-
value Decomposition (EVD) can be used. In the RM method,
these three parameters represent an ellipse. Since rectangles
and ellipses can be described by the same parameters, we
can directly use these to represent the desired rectangular
state!. Our implementation follows the standard approach
originally proposed by [15], but we note that other adaptions
or improvements to the method could also be employed (e.g.,
applying a rotation on the shape during the time update
in [16], [17] or using a distorted shape during measurement
update [18]), as our correction for the new measurement
model only adapts very specific parts of the filter. For the
measurement update, two pseudo-measurements are employed
to correct the kinematic and shape estimates. The first is the
mean of the measurements
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based on which the estimate of the center of the tracked object
is updated, following the assumption that the center of mass
of the measurements corresponds to the object center. Further-
more, the scattering matrix of the measurements, computed as

Zi=Y (z—z)(z—2)" , (4)

z€Zy,

is used as a pseudo-measurement for the shape update.

In [4], changes for these pseudo-measurements in order to
adapt the filter to lidar data are proposed. Replacing (3), the
center of the target is estimated using a geometric approach.
A least squares-based line fit through the target center is
computed first. This is then intersected with lines orthogonal
to the tangents of the ellipse at the outermost measurements,
in order to compute the center estimate. The scattering matrix
is computed based on the estimated object mean rather than
the measurement mean, as also discussed below in this work.

INote that for the corner case of a circle, i.e., [; = lo, this conversion is
incorrect, as for the circle § has no impact on the geometric shape, whereas
for a square, it does.



B. Scaling Factor

Computing the sample covariance as in (4) results in a
scattering matrix that corresponds to Gaussian distributed
measurement sources. As this is not the case for extended
objects, which have a finite spatial extent, a scaling factor c is
employed. If, e.g., the target were elliptical and measurements
were uniformly distributed across the entire surface, this
scaling factor would be % [15], [27]. For the target application
of this work, a scaling factor for contour measurements of
rectangular shapes needs to be derived.

In the following, the factor will be derived under the ap-
proximation that measurements are observed uniformly across
the object contour of a symmetric, i.e., square, object with
semi-axis length [, centered on the origin. The measurement
source distributions of the four individual sides will be

Jopper (#,y) = fr(z,y) =0(y — 1) -U(z; =1,1) ,  (5a)
Joower(z,y) = fa(@,y) = 0(y + 1) - U(z; =1,1) ,  (5b)

fern(z,y) = fa(z,y) =d(x+1) - U(y; =1, 1) , (5¢)
Jign(@,y) = fa(z,y) =6(z 1) -U(y; =1,1) ,  (5d)

where § denotes the Dirac delta function. Due to the symmetry
of the measurement sources on the target contour, we will con-
sider only the x-axis, and marginalize out the y components.
This yields

fi(z) = fo(z) = U(x; = 1,1) (62)
fa(x) =o0(z+1) , (6b)
fa(x) =9d(z—=1) . (6¢)

We are interested in the variance o2 of the overall mixture
distribution. As measurements are assumed to stem uniformly
from each of the four sides, the mixture weights are uniform,
ie., w; = i for i € {1,...,4}. The desired variance can be
computed from the component weights, means, and variances

as 4
= (Zwi(a? +u3>) -, (7)
1=1

where the mixture mean p can be computed as
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The mean of the first two components, which are uniformly

distributed, is p1 = pp = 5 - (=1 4 1) = 0. Their variance can
be computed as

o o (I=(=D)p_ P
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For the third and fourth component, the variance will be 0.

Their means 3 /4 will be —[ and [, respectively. From this,
o? can be computed as
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Fig. 2: Visualization of the sample covariance matrix of 200 noise-
free measurements (black dots) originating from the contour of a
rectangular object, divided by different scaling factors c. Results only
match the semi-axis of the true object (filled gray) for the derived
scaling factor of 2.

Hence, to acquire the squared semi-axis length, correspond-
ing to the shape matrix diagonal entries in the rotation-free
multivariate case, the variance (or covariance in the multi-
variate case) needs to be divided by the scaling factor %

Results for visualization of the scaled sample covariance
matrix for different factors are shown in Fig. 2. Here, 200
measurements were drawn uniformly from the four sides of
a rectangular target, with axis lengths of 4.7m and 1.8m,
respectively. The results match the true rectangle in axis
lengths if and only if the previously derived scaling factor
of 2 is used.

C. Further Discussion

The presented derivation is based on assumptions which
may not hold in practice. For different semi-axis lengths, rather
than a square object, the derivation requires the distribution of
measurements to be uniform across the object sides, regardless
of their length. This can be seen in Fig. 2, where the density
of measurements along the longer sides of the object is
lower. In practice, a more intuitive assumption would be
that measurements are distributed uniformly across the entire
contour, resulting in more measurements from longer sides.
In that case, the weights w will not be uniform. Furthermore,
the resulting scaling factor will not be a single scalar, but
instead will vary depending on the semi-axis. Nevertheless, the
very same derivation can be employed in that case. However,
knowledge of the ratio of the axis lengths of the objects is
required in order to compute w. Incorporating the resulting
set of scaling factors is not as straightforward as in the
symmetric case. Instead, the individual semi-axis need to be
scaled. Without knowledge of the object rotation, this can be
facilitated by performing an EVD of the scattering matrix,
followed by reconstruction of the matrix after applying the
scaling factors to the corresponding semi-axis acquired from
the eigenvalues. Following these steps, and given knowledge
of the ratio between semi-axis lengths, the same derivation
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Fig. 3: Computation of the (scaled and normalized) scattering matrix
based on the measurement mean (red ellipse) or the target center
(blue ellipse). The 200 noise-free measurement (black dots) are drawn
uniformly across the left and lower sides of the object.

as taken above can be employed to acquire a correctly scaled
scattering matrix which can be employed for the RM tracker.
Still, for lidar data, the entire assumption of a uniform mea-
surement distribution only holds for highly specific sensor-
to-target geometries. Hence, in the following, we choose to
employ the straightforward approximation resulting in (10).

D. Adapted Pseudo-measurements

For measurements that stem from a lidar scanner, the
assumption that the mean of the measurements coincides with
the object center does not hold. Hence, a standard RM tracker
using (3) and (4) will only filter the measurement mean and
(scaled) measurement covariance, which do not correspond to
the object location and extent.

As also done in, e.g., [4], given an estimate my, of the object
center, it is possible to compute the scattering matrix centered
on m;, instead of z, i.e., as

Sk =) (z—ri)(z — )" . (11)
z€Zy,
Naturally, for measurement models that assume z; = my,

there will be no difference between the two. Examples for
these models are surface measurements of an (e.g., elliptical)
surface, or contour measurements of a target with a shape that
is point-symmetric around its center. For lidar data, however,
the assumption generally does not hold, since due to the
self-occlusion effect only parts of the object contour will be
observed by the scanner.

This is visualized in Fig. 3, where only the left and lower
sides of the contour are modeled as visible. Computing the
measurement mean and (scaled) measurement sample covari-
ance, as shown in red, does not yield an estimate for the
target extent. By making use of (11) in combination with the
true target center, the results visualized in blue are obtained.
Clearly, the semi-axis of the target are estimated correctly.

Therefore, it is necessary to compute an accurate estimate m
for the center, taking the specifics of the measurement model
into account. We make use of the fact that the measurements
Z,, are ordered according to the rotation of the lidar. The center

of the target can only be estimated from a single set of mea-
surements if two sides were observed. In that case, the first and
last observed measurements will stem from the measurement
sources closest to the corners of the rectangle. Naturally, the
mean of two opposite corners of a rectangle coincides with
the rectangle center. Using z; and z,iv * as an approximation
for these corners, we obtain iy, = 0.5 - (z} + z, ©). Note that
the uncertainty of my, is affected not only by the measurement
noise of the two involved measurements, but also by the
horizontal sensor resolution in combination with the unknown
sensor-to-target geometry, affecting the measurement source
positions on the contour and hence the accuracy of the
approximation. As an approximation, we directly use m as
part of the RM algorithm, and do not incorporate such factors
for now. If the object intersects with the beam at the start of
the revolution of the scanner, i.e. at 0°, this assumption does
not hold, as in that case the first and last measurements may be
anywhere on the object contour and will be close to each other.
As in our sensor system, this beam is along the x-axis of the
coordinate system, this case can be detected by checking for
a measurement with a positive position along the x-axis and
a sufficiently small (absolute) y value. We used 0.05m as a
threshold. If such a measurement exists, instead of z}g and szv k.
we use the two measurements with the largest angular distance
between them in the computation of my. The same approach
may also be taken if the assumption that measurements are
received in an ordered manner is violated.

For a noise-free lidar with infinite horizontal resolution,
the presented approximation would be accurate. In practice,
we find the accuracy and resolution of the simulated Ouster
OS1 to be sufficiently high in order to make use of the
approximation, as validated below in Section V.

V. EXPERIMENTAL ANALYSIS

The effectiveness of the proposed approach has been eval-
uated in an experimental evaluation, following the description
in Section III. In the following, the reference methods and
the details of the experimental setup will be introduced, and
afterwards, results of the evaluation will be presented.

A. Compared Methods

The results of the adapted filter are compared with a set of
reference algorithms. First of all, we use the standard RM algo-
rithm [15], abbreviated as “Feldmann”. This algorithm serves
as the baseline for an EOT system. Furthermore, we include
two versions of the adaption of the RM approach proposed
in [4]. The first (“Li”) is the version following the formulas
of [4]. The second one (“Lilmproved”) makes use of the same
RM predict and update formulas as our proposed algorithm,
but uses the pseudo-measurements of [4]. Not only does this
improve the comparability of the methods, we additionally
found results to improve. Both of these variants did not make
use of the measurement weights proposed in [4] and used
uniform weights instead, as this parameterization improved
results. Next, the truncation based approach presented in [7]
is included. In the experimental figures, it is referred to



as “TruncatedRM”. Notably, for a fair comparison between
methods, we make use of the previously derived scaling factor
of % for all of the RM based methods. As visible in Fig. 2,
using an incorrect scaling factor for individual methods would
artificially reduce their estimation accuracy. Finally, two EKF-
based approaches are included. The first is the method of [2]
(“AlgaderiEKF”), and the second the Multiplicative Error
Model Extended Kalman Filter* (MEM-EKF*) variant using
Gaussian mixtures proposed in [12] (“GM-MEM-EKF*”). The
discussed VMM-based tracking algorithms are optimization-
based, such as [3], or rely on learned models [20], and were
hence not included in the evaluation.

All methods’ parameters were tuned as good as possible
for the investigated scenario. For brevity, we do not include
the full details of all parameters here, and instead refer to
our publicly available code’. Where methods were similar,
parameters were chosen similarly as well. The measurement
noise covariance R is in polar space, corresponding to the
received range/angle measurements, but all evaluated filters
work in Cartesian space. Therefore, throughout all experi-
ments, all algorithms approximate the Cartesian measurement
noise covariance at time k as Ry,. To this end, we employed
the Unscented Transform (UT) [28], which approximates
the covariance after the nonlinear conversion from polar to
Cartesian space via a set of sigma points. As the mean of the
original distribution, the mean of all measurements is used.

B. Experimental Setup

For the evaluation, we simulated a set of random trajec-
tories using the measurement generation process detailed in
Section III. As described above, two settings were evaluated.
In the first, measurements are sparse, with Npeams = 512 beams
per lidar revolution. In the second setting, this number is
increased to NMpeams = 1024. The initial state of the tracked
vehicle was uniformly sampled from

[—807 [—30]
—80 -30
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0 27
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The maximum trajectory length was set to 50. If a vehicle
left the sensor range, the trajectory was stopped early. Due
to the random sampling involved in the process, it is possible
for the vehicle to cross the origin, i.e., the sensor location. In
these rare cases, the trajectory was dropped and not counted.
Objects move according to a constant velocity model with
additive zero-mean Gaussian white noise. Object movement
was not constrained in any way, hence it is not guaranteed
that an L-shape of each object was visible in every time step.
Instead, in some time steps, only a single side of the object
may be visible.

Zhttps://github.com/Fusion-Goettingen/

TABLE I: Runtime of a single predict/update cycle of the evaluated
methods in ms, averaged over all steps of 25 Monte Carlo runs.

Name Mean runtime / ms
Feldmann [15] 0.58

Ours 0.63

TruncatedRM [7] 4.40

Lilmproved [4], [15] 10.72

Li [4] 10.93
GM-MEM-EKF* [12] | 26.76
AlqgaderiEKF [2] 212.41

The quality measure which was utilized for evaluation was
the Intersection over Union (IoU). For two objects si, sa, it

is defined as
IoU — area(sy N sg)

~ area(s; U sg) (13)

It results in a value in [0, 1], with 0 meaning that the two
objects do not overlap, and 1 meaning that the shapes perfectly
overlap. Hence, higher IoU indicate a better result. For the
evaluation, we compared the rectangle representation of the
trackers based on their semi-axis lengths and orientation
estimates with the ground truth rectangle representing the
tracked object.

C. Results

Results of the previously discussed quantitative analysis are
presented Table I and Fig. 4, where evaluation results for
the two settings of npeams are visualized in separate figures.
The truncated approach [7], originally designed for automotive
radar measurements, was adopted to the data for the given
scenario. However, its performance is comparable with the
baseline RM method [15].

For the investigated setting, the method proposed by Li
et al. [4] performed noticeably better if the RM formulas
according to [15] were used. In that case, it exhibited strong
performance, slightly outperforming our proposed tracker for
Npeams = 1024. However, for sparse data, the performance
of the method of [4] is reduced by a larger margin than our
method, accompanied by an increase in variance. Overall, the
estimation quality of our version and [4] is highly comparable,
even though our method is noticeably less complex. This
furthermore requires using our derived scaling factor and
RM formulas according to [15], whereas the original method
exhibits worse tracking accuracy. Generally, the sparse setting
introduces large outliers for most evaluated methods. Both
EKF-based approaches suffer from a large spread of results
already in the denser setting, but their estimation quality is
not reduced further in the sparse setting. The GM-MEM-EKF*
uses explicit assumptions about the sensor-to-target geometry
to estimate observed sides of the contour. If these assumptions
do not match the true distribution, the estimate can diverge.
Similar behavior is exhibited by the EKF of [2].

Furthermore, an evaluation of the computational cost of
each of the algorithms was conducted by means of an empiri-
cal runtime analysis, averaged over all time steps of 25 Monte
Carlo runs. Results of this are given in Table I. All methods
were implemented in python, and results were generated
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Fig. 4: Results of all filters across 200 Monte Carlo runs. The mean of all methods is indicated by the solid orange line, the median by the
dotted green line. The standard deviation around the mean is indicated by the gray box. Below the method’s names, the mean and standard
deviation are given. Each individual sub-figure covers a different horizontal resolution of the simulated lidar.

on an Intel i5-12600K. The iterative nature in combination
with the need to evaluate each mixture component for each
measurement means that the “AlqaderiEKF” method is vastly
slower compared to all other algorithms. Similarly, the other
EKF-based approach of [12] is the second slowest method. Of
the RM based filters, our proposed one is the only one that
does not add noticeable computational load compared to the
baseline RM [15]. In particular, the method of Li et al. [4],
which performed similarly with respect to the IoU, is over
an order of magnitude slower than our proposed method. The
original RM approach has a time complexity of O(n), which is
matched by our approach if measurements sorted by scanning
order can be used, and otherwise is increased to O(nlogn)
due to the preliminary sorting needed for the computation of
the center pseudo-measurement.

VI. DISCUSSION

The results presented in Section V validate the effectiveness
of our proposed approach in practice. Except for the method
presented in [4], the evaluated reference methods could not
be applied entirely successfully to the problem of tracking a
rectangular extended object based on contour measurements.
The method of Li et al. [4], when using the newly derived
scaling factor and filter formulas following [15], matched
the performance of our proposed method. For dense settings,
it slightly outperformed our method. On the other hand,
in sparse settings, our method outperformed the reference
method. Even though outliers are present in both methods, the
standard deviation of our approach did not increase between
the settings, whereas the standard deviation of [4] increased.
Noticeably, these similar results are achieved with a much less
complex approach. Additionally, we found that in our setting

the geometric approach to the center estimation problem by [4]
can occasionally introduce strong errors, placing the estimated
center far away from the vehicle extent. Specific sensor-
to-target geometries introduce distributions of measurements
concentrated on one edge of the vehicle, while a second edge
is barely visible but detected. In some of these cases, the least-
squares line fit that is supposed to pass through the object
center is instead tilted towards the strongly observed edge,
resulting in the large estimation errors. Potentially, this may
be due to the fact that the method was originally derived for
elliptical objects.

Moreover, the evaluation of the computational cost of the
algorithms has shown that, in our setting, all existing state-
of-the-art methods are at least an order of magnitude slower
compared to the standard RM approach. Our method on the
other hand barely increases the computational load of the
tracker. Nevertheless, an overall problem that is exhibited by
all methods, including ours, is that challenging situations cause
the IoU to noticeably decrease.

One issue that is challenging to handle based on the RM
approach is to manage the update for objects that are only
visible from a single side. While information about one semi-
axis, and to a lesser extent about the target orientation, is
available, no information about the unobserved semi-axis is
available. In the RM framework, the problem could be tackled
using simply heuristics, utilizing information from previous
time steps to adapt the pseudo-measurements. One possibility
is to shift the center estimate according to the unobserved
semi-axis length and to overwrite the collapsed semi-axis with
the prior estimate. However, this may lead to overconfidence
of the corresponding uncertainties, due to “double-counting”
of prior information during the update.



Another potential issue is that the update step can not be
carried our if less than three measurements are available, since
then the pseudo-measurements can not be computed. However,
for lidar data as considered in this work, this case typically
only arises for objects at the edge of the sensor range.

VII. CONCLUSION

In this work, we proposed modifications of the RM algo-
rithm for tracking a rectangular object with contour measure-
ments. To this end, we first derived a suitable scaling factor
based on moment-matching of rectangular contour measure-
ments with a Gaussian. Then, we incorporated a simple center
estimation scheme into the scattering matrix computation in
order to obtain the required pseudo-measurements.

An extensive simulation based on a raycasting model with
real-world lidar parameters was carried out. In situations with
sparse measurements, our method was found to outperform all
reference methods. In denser settings, only a single reference
method yielded comparable results, and only if the newly
derived scaling factor was used. Furthermore, the computa-
tional overhead of our algorithm compared to the original
RM method is negligible, whereas all reference methods were
found to be at least an order of magnitude slower. Since the
method follows the standard RM formulations, any adaptions
or downstream processing, such as a multiple object tracking
system, developed for the RM algorithm could directly adopt
the proposed changes.

For future work, a prime research direction is the exten-
sion of the method to three-dimensional space, since modern
lidar sensors often cover more than a single vertical layer.
Furthermore, the presented evaluation has not included clutter
measurements. Evaluating the impact that clutter has on the
object center estimation, and potentially improving its robust-
ness, can be a further relevant research direction.
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